In [FS] we introduced a product construction for locally compact, complete, geodesic hyperbolic metric spaces. In the present paper we define the hyperbolic product for general Gromov-hyperbolic spaces. In the case of roughly geodesic spaces we also analyse the boundary at infinity.
In the case that the (X i , d i ) are in addition roughly geodesic metric spaces (see Section 2.1), we obtain that their hyperbolic product also is roughly geodesic. More precisely we prove the Theorem 2 Let (X i , d i ) be roughly geodesic hyperbolic metric spaces and z i ∈ X i , i = 1, 2. Then there exists a ∆ ∈ R + 0 such that (Y ∆ ′ , d m ) is roughly geodesic and hyperbolic for all ∆ ′ ≥ ∆. Furthermore the boundary at infinity ∂ ∞ Y ∆ ′ of Y ∆ ′ is homeomorphic to the topological product ∂ ∞ X 1 × ∂ ∞ X 2 of the boundaries at infinity of X 1 and X 2 .
The construction can be carried over in the limit case that the points z i tend to infinity: Let γ ziui be roughly geodesic rays connecting z i ∈ X i to u i ∈ ∂ ∞ X i , the boundary at infinity of X i as defined in Section 2. Let further B i : X i −→ R be the Busemann functions associated to the γ ziui . We consider the set Y ∆ := (x 1 , x 2 ) ∈ X 1 × X 2 |B 1 (x 1 ) − B 2 (x 2 )| ≤ ∆ 
Remark 1
The smashed product ∧ is a standard construction for pointed topological spaces (see e.g. [M] ). Let (U 1 , u 1 ), (U 2 , u 2 ) be two pointed spaces then the smashed product U 1 ∧ U 2 is defined as U 1 × U 2 /U 1 ∨ U 2 , where U 1 × U 2 is the usual product and
is the wedge product canonically embedded in
Remark 2 Note that the Theorems 1, 2 and 3 can easily be generalized to products of finitely many factors.
We should notice that in the case that the (X i , d i ) are in addition geodesic and locally compact, one obtains the same for the hyperbolic product, when considering the intrinsic metric
where L(c) denotes the length of c in (
These results were already obtained in [FS] . For the sake of completeness we state the corresponding theorem: Theorem 2* Let X i , i = 1, 2, be locally compact, complete, geodesic hyperbolic spaces and
is also a locally compact, complete, geodesic hyperbolic space.
A similar result holds in the limit case z i −→ ∂ ∞ X i .
Outline of the paper:
We start in Section 2 with reviewing the notions of roughly geodesic spaces, their Gromov-hyperbolicity and Busemann functions. In Section 3 we prove the Theorem 3. The proof of the Theorem 2 goes just along the same lines. Finally in Section 4 we prove the Theorem 1. This proof essentially uses the Theorem 2 and an embedding Theorem (see Theorem 4 in Section 4) due to Bonk and Schramm, which states that any Gromov-hyperbolic space admits an isometric embedding into a geodesic Gromov-hyperbolic space.
Preliminaries

Roughly geodesic metric spaces
Let (X, d) be a metric space and x, y ∈ X. A geodesic path in X joining x to y is given by an isometric map γ xy : [α, ω] −→ (X, d) with γ xy (α) = x and γ xy (ω) = y. The image of the path γ xy ([α, ω]) ⊂ X is called a geodesic segment in (X, d). The metric space is called geodesic, if any two points x, y ∈ X can be joined by a geodesic segment xy.
Let f : X 1 −→ X 2 be a map between the metric spaces (X 1 , d 1 ) and (X 2 , d 2 ) and k ≥ 0. Following [BoSch] we call f a k-roughly isometric map if
A k-roughly geodesic path in (X, d) connecting x ∈ X to y ∈ X is a k-roughly isometric map γ xy : [α, ω] −→ X satisfying γ(α) = x and γ(ω) = y. A metric space (X, d) is called k-roughly geodesic if any two points x, y ∈ X can be joined by a k-roughly geodesic segment xy that is the image of a k-roughly geodesic path γ xy from x to y. (X, d) is called roughly geodesic if there exists a k ≥ 0 such that (X, d) is k-roughly geodesic.
In k-roughly geodesic spaces we will consider also k-roughly geodesic triangles xy ∪ xz ∪ yz ⊂ X, where for example xy denotes a k-roughly geodesic segment connecting x to y.
Hyperbolicity of roughly geodesic metric spaces
For geodesic metric spaces there are a number of equivalent characterizations of hyperbolicity using the geometry of geodesic triangles (see e.g. [BriH] and [FS] ). In this section we state how to achieve analogue characterizations of hyperbolicity for roughly geodesic metric spaces. Just along the lines of the proof of the corresponding statement for geodesic spaces (see e.g. [BriH] ) one proves the Proposition 1 Let (X, d) be a k-roughly geodesic space. Then the following are equivalent:
It is useful to have other equivalent characterizations of hyperbolicity in terms of the distance function. For that reason we generalize the notion of δ-Tfunctions for geodesic metric spaces, as introduced in [FS] , to the case of kroughly geodesic metric spaces: 
(ii) Let x, y, z ∈ X with a, b, c ∈ R 
. In the case that this T -function exists it is easy to see that if
On the other hand, if min{a, b} < − ρxy 2 , d z • γ xy obviously lies in distance k to a monotonous T -function.
Let X be a metric space and x, y, z ∈ X. Then there exist unique a, b, c ∈ R
In fact those numbers are given through
where, for instance,
In the case that X is k-roughly geodesic we may consider a k-roughly geodesic triangle xy ∪ xz ∪ yz ⊂ X, where for example xy denotes a k-roughly geodesic segment connecting x to y. Given such a triangle we writex := γ yz (b),ỹ := γ xz (a) andz := γ xy (a). Note that for geodesic triangles it holds γ xz (a) = γ −1 xz (c). In the case that (X, d) is only k-roughly geodesic we still have e.g.
Similar to Lemma 1 i) in [FS] one proves the
and the pointsx,ỹ andz have pairwise distance ≤ 4δ + 15k.
With that we can prove the following equivalences, which we are going to use frequently in the following:
Proposition 2 Let (X, d) be a k-roughly geodesic metric space. Then the following are equivalent:
(2) There exists a δ 2 ≥ 0 such that for any k-rough geodesic triangle △ = {xy, xz, yz} the pointsx,ỹ andz as defined above have pairwise distance bounded above by δ 2 .
(3) There exists a δ 3 ≥ 0 such that for any x ∈ X the function
Proof: The proof of the equivalence of (1) and (2) is similar to that of the corresponding equivalence in the geodesic case (compare e.g. [BriH] ). Therefore we here restrict ourself to prove (1) =⇒ (3) and (3) =⇒ (2): (2): Let now X satisfy condition (3). For x, y, z ∈ X and k-roughly geodesic segments xy, xz and yz connecting these points condition (3) and Remark 3 (ii) yield
We now consider a k-roughly geodesic triangle xz ∪ zz ∪ xz. Forâ := (z · z) x we find a − δ−k 2 ≤â ≤ a + δ+k 2 and thus forẑ :
2 . The same way we achieved equation (2) we get
The same argument of course yields d(z,x) ≤ 2δ +2k and thus d(x,ỹ) ≤ 4δ +4k. 2
Remark 4 In the following we will always make use of the hyperbolicity condition that seems to be most appropriate for the situation under consideration. In this context the different indices of δs arising will always indicate the condition that has been used to achieve the δ.
The boundary at infinity and Busemann functions
Given a hyperbolic space (X, d) there are various ways to attach a boundary at infinity ∂ ∞ X to X. In this paper we define ∂ ∞ X in the following way:
We choose a basepoint z ∈ X and say that a sequence {x i } i∈N of points in X converges to infinity, if lim inf
Two sequences {x i } i∈N and {y i } i∈N converging to infinity are equivalent,
One shows that ∼ is an equivalence relation and defines ∂X as the set of equivalence classes. We write [{x i }] ∈ ∂X for the corresponding class. Let now (X, d) be k-roughly geodesic, then there exists a k ′ = k ′ (k, δ) with δ as in equation (1) such that for every x ∈ X there exists a k ′ -rough geodesic γ xu : [0, ∞) −→ X with γ xu (0) = x and [{γ xy (i)}] = u (see [BoSch] ). We now fix such a k ′ -roughly geodesic ray γ zu connecting z ∈ X to u ∈ ∂ ∞ X and define the Busemann function B γzu : X −→ R associated to the ray γ zu via
Note that the limit inferior always exists, while the limit itself necessarily only exists once γ zu is a geodesic. Note further that B γzu is a (δ 3 , k)-T -function as a limit of (δ 3 , k)-T -functions.
The following Lemma is an easy application of Proposition 2:
Lemma 2 Let (X, d) be a k-roughly geodesic hyperbolic metric space, γ zu and B γzu as above. Then for every x ∈ X there exists t x ∈ [0, ∞) such that
Definition 3 A k-roughly geodesic ray γ : [0, ∞) −→ X is called a (B γzu , k)-ray if and only if
For our construction we essentially use the existence of sufficiently many (B γzu , k)-rays. This existence is subject to the Lemma 3 Let X be a k-roughly geodesic hyperbolic metric space and B γzu the Busemann function associated to the k ′ -geodesic ray γ zu connecting z ∈ X to u ∈ ∂ ∞ X. Then for all x ∈ X andk := max{2k + 2δ 3 , k + k ′ } there exists a (B γzu ,k)-ray γ xu with γ xu (0) = x andγ xu (∞) = u.
Proof: Being a limit of δ
f (t). Since X is k-rough geodesic, there exists a k-roughly geodesic path γ xγzu(tx) connecting x to γ zu (t x ). We claim that
is a (B γzu ,k)-ray, where γ xγzu(tx) : [0, ω := d(x, γ zu (t x )) + ρ xγzu(tx) ] −→ X and γ zu (t) := γ zu (t − t x + ω). Let us first show that γ xu is ak-roughly geodesic ray: Obviously it holds
as well as
Let now t ∈ [0, ω] and t ′ ∈ (ω, ∞). Since d(x, γ zu (t x )) ≥ ω − k and the special choice of t x , we find
and thus
This shows that γ xu indeed is ak-roughly geodesic ray. We now write
from which we conclude
Note that this construction obviously equally works by replacing t x through any t
3 The Hyperbolic Product of roughly geodesic metric spaces
In this section we prove Theorem 3 by proving the Propositions 3 and 4. Note that the proof of Theorem 2 goes just along the same lines.
Let (X i , d i ) be k i -roughly geodesic hyperbolic metric spaces. Let further γ ziui bek i -roughly geodesic rays connecting z i ∈ X i to u i ∈ ∂ ∞ X i and B i : X i −→ R be the Busemann functions associated to the γ ziui , i = 1, 2. We study the sets
Note that ∆ ≥ 2k withk := max{k 1 ,k 2 } andk i as in Lemma 3 ensures that
In Proposition 3 we prove that for ∆ ≥ 6k the metric space (Y ∆ , d m ) is roughly geodesic. In Lemma 4 we establish a certain behavior of the projections of arbitrary rough geodesics in (Y ∆ , d m ), which is used in Proposition 4 to prove that in case (Y ∆ , d m ) is roughly geodesic then it already is hyperbolic.
Proof: Let x = (x 1 , x 2 ), y = (y 1 , y 2 ) ∈ Y . Let further t xy > max{t x1 , t x2 , t y1 , t y2 }, where the t xi and t yi are defined just as t x in the proof of Lemma 3. We consider the 2k-rough geodesics
defined analogue to γ xu in the proof of Lemma 3. We define a i := (y i · γ ziui (t xy )) xi and b i := (x i · γ ziui (t xy )) yi and note that due to the definition of the Busemann functions and Lemma 2
where δ 3 := max{δ 
Let now 
Next we consider the following curves Γ x : [0,
) and
From these curves we obtain the curve Γ xy : [0,
It is easy to see that both, Γ x and Γ y , are ∆ + 2k-roughly geodesic segments in (Y ∆ , d m ). Now equation (3) and Lemma 1 yield
Thus we find
On the other hand we have
The inequalities (4) and (5) imply that Γ xy is a (2∆
• γ xy is a 3k-rough geodesic and
arek-rough geodesics.
Proof: (i) Of course we have
Suppose now that d 1 (x 1 , γ 1 xy (t)) < t − 2k. Then
which contradicts to equation (6). Thus we have d 1 (x 1 , γ 1 xy (t)) ≥ t − 2k and hence
This and equation (6) prove (i).
(ii) With (i) we deduce from Proposition 2 that there exists a δ
Equation (6) yields B 2 (x) − B 2 (γ 2 xy (t)) ≤ t + k. Using this and inequality (7) we find
which together with equation (6) 
In order to see that we write
where the C i , i = 1, 2, 3, and C only depend on K, δ 1 (K ′ ) and
Finally it remains to show that the boundary at infinity ∂ ∞ Y of the hyperbolic product Y has the properties as claimed in the Theorems 2 and 3. This is done in analogy to the corresponding proofs in the geodesic cases (compare [FS] ). Therefore we only quickly sketch the proof in the situation of Theorem 3:
We consider the projections σ i of σ to the ith factor, i = 1, 2, and define t k := max{t σ 1 (k) , t σ 2 (k) }. In the case that {t k } k∈N is bounded, the sequences {t σ i (k) }, i = 1, 2, converge to points v i = u i ∈ ∂ ∞ X i . In the case the t k are unbounded, we find [{σ i (k)}] = u i . It is now not difficult to show that the map
is a homeomorphism, which extends naturally to a homeomorphism
which completes the proof of Theorem 3.
The Hyperbolic product of general metric spaces
In this section we prove the Theorem 1.
In order to prove the Theorems 2 and 3 we essentially used the description of Gromov hyperbolicity given via condition (3) of the Proposition 2. Therefore we had to prove in first place that the spaces under consideration were roughly geodesic. This led us to restrict ourself to roughly geodesic factors . As we will see now, this requirement of being roughly geodesic is only necessary in order to obtain a roughly geodesic space, but not to achieve the hyperbolicity of the hyperbolic product construction. Nevertheless, in order to prove the Theorem 1, which deals with general hyperbolic spaces, we need to combine the results from Section 3 with the following Theorem 4 (Bonk/Schramm, [BoSch] ) Let X be a δ-hyperbolic metric space. Then there is an isometric embedding i : X −→ Z of X into a complete δ-hyperbolic geodesic space Z.
Proof of Theorem 1: Let (X i , d i ) be δ-hyperbolic metric spaces. Due to Theorem 4 they embed into geodesic δ-hyperbolic metric spaces Z i , i = 1, 2. Now, due to Theorem 2, the hyperbolic product
is Gromov-hyperbolic for all (x 1 , x 2 ) ∈ X 1 × X 2 and∆ =∆(x 1 , x 2 ) sufficiently large. For∆ ≥ ∆ the hyperbolic product (X 1 , d 1 , x 1 )× ∆ h (X 2 , d 2 , x 2 ) isometrically embeds into (Y∆, d) and therefore turns out to be Gromov-hyperbolic itself. 
